The main question we address is how to probe the fractionalized excitations of a quantum spinliquid (QSL), for example, in the Kitaev honeycomb model. From analyzing the energy spectrum and entanglement entropy, for antiferromagnetic couplings and a field along either [111], or [110], we find a new gapless QSL phase, sandwiched between the non-Abelian Kitaev QSL and polarized phases. Rotating the field towards [001] destroys this intermediate QSL phase and results in a considerable reduction in the number of frequency modes. In certain parameter regimes, we observe a beating pattern in the local dynamical correlations, possibly observable in pump-probe experiments.
where J α is the Kitaev exchange constant, α ∈ {x, y, z}, j and k are nearest-neighbor sites lying along the bond α, and σ α j , σ α k are corresponding Pauli matrices [4] . Recent theoretical advances suggest inelastic neutron scattering as revealing identifying characteristics of fractionalized excitations in the dynamical structure factor of candidate Kitaev materials [5, 6] , while measuring the heat capacity of these materials may show characteristic features of fractionalization via an analysis of a system's entropy release [7] . These advances reflect an attempt to shed light on the nature of the Kitaev quantum spinliquid (QSL) ground state, whose fractionalized excitations within the gap induced non-Abelian phase may find application in possible quantum computing devices [8] .
Originally conceived as a toy model, researchers have gone on to consider the microscopic mechanisms necessary for realizing Kitaev physics in real materials. This has led to proposals of extended Kitaev-Heisenberg Hamiltonians [9] [10] [11] , as well as Hamiltonians having additional symmetric off-diagonal interactions [12, 13] . The original theoretical predictions concerning the dynamical response and temperature dependence of thermodynamic quantities of the pure Kitaev model were experimentally investigated on the candidate compounds α-RuCl 3 [14, 15] , and A 2 IrO 3 (A = Na, Li) [16] , respectively. The salient features that appear in the data are attributed to the residual fractional excitations of the pure Kitaev phase proximate to these materials' zig-zag ordered ground state. Recently, experimental measurements of the thermal Hall conductivity, κ xy , of α−RuCl 3 have even revealed signatures of itinerant Majorana excitations in the sign, magnitude, and temperature (T) dependence of κ xy /T for temperatures within the range T N = 7 K< T < 80 K∼ J α /k b , where T N is the temperature at which the zig-zag order onsets [17] .
The strong isotropy of the Kitaev interactions in α-RuCl 3 inevitably led experimental researchers to investigate the physical properties of this material under an externally applied magnetic field, with the aim of observing signatures of the Kitaev model's celebrated gapped non-Abelian fractionalized excitations [18] [19] [20] [21] [22] [23] [24] [25] [26] . Recently, much of the theoretical interest has been to perform numerical simulations on extended Kitaev models with an externally applied field, and to try to fit the results of these numerics to the experimental data [27] [28] [29] [30] [31] .
In this work, we use exact diagonalization on finite sized clusters to offer unambiguous signatures of quantum phase transitions in the dynamical local spin-spin correlations of the pure Kitaev [110] , at higher values of the external field strength, within the polarized regime. (iv) The behavior of the average of plaquette operators, W p , and its dependence on field strength and orientation provides a useful diagnostic of the non-Abelian Kitaev QSL, in-termediate, and polarized phases, and reveals differences between the ferromagnetic (FM) and AF cases (Results are provided in the Supplementary Material [33] ).
Model and Numerical Approach:
We use exact diagonalization on up to sixteen site clusters, consisting of eight honeycomb plaquettes, with periodic boundary conditions. We define the Hamiltonian:
and resort to the following parametrization
with θ = tan
, and the positive (negative) case corresponding to AF (FM) interactions between neighboring spins along respective bonds α ∈ {x, y, z}. We only consider the isotropic point of this model's parameter space for fields of varying strength θ, and along varying orientations ranging from [111] for λ = 1 to [001] for λ = 0. We also consider the special case of a field along [110] , lying within the plane of the honeycomb lattice. For each of these field directions, we obtain the energy spectrum, and the TEE as a function of θ using the Kitaev-Preskill construction [32] .
In order to connect with experiments, we calculate the dynamical correlations
where |0 θ,λ is the field strength and field orientation dependent ground state of Eq. 2, and σ
Below, we restrict our calculations to the case of j = k, and α = z. We also calculate the field-dependent on-site time Fourier transform of Eq. 5,
where n is the energy quantum number indexing the various eigenenergies and eigenstates of H.
Time-dependent spin-spin correlation functions: For AF couplings of the Kitaev honeycomb model under an externally applied field, recent findings reveal a rich phase diagram, beyond the perturbative result [34, 35] . Our aim is to connect features in the energy spectrum, as a function of θ, that indicate phase transitions with specific signatures in the dynamical correlation functions, allowing us to make testable predictions for inelastic neutron scattering and optical-pump terahertz-probe spectroscopy.
Energy spectrum: For the AF case, for a field along [111] (Fig. 1a, d ), the salient features of the excitation spectrum as a function of the field strength, θ, are: (i) A lifting of the fourfold ground state degeneracy at θ = 0 with field, and closing again at the level crossing point near θ * ≡ θ ≈ 0.32, followed by a subsequent lifting of this latter degeneracy with increasing field until closing again at the level crossing point near θ * * ≡ θ ≈ 0.85. (ii) A significant increase in the density of states (dos) for ∆E > ∼ 0.15 ≡ ∆E * , and θ * < ∼ θ < ∼ θ * * . Now, the θ = 0 limit with considerably lower dos above ∆E * is known to be a gapless QSL in the thermodynamic limit. We therefore conclude that the enhanced dos in the region between θ * and θ * * indicates the existence of a second, different, gapless QSL sandwiched between the gapped non-Abelian Kitaev QSL and the polarized phase expected for higher values of θ. A similar argument suggests that a gapless QSL phase is also present for intermediate values of θ for a field along [110] , though the spectrum in this case no longer exhibits level crossings at any θ (Fig. 1c, f) .
We further notice the following qualitative differences in the spectrum as a function of the orientation of the external field. Most strikingly, the lifting of the degeneracy of the [111] higher field level crossing (formerly at θ * * ) when the field is oriented along the [001] direction, and a considerable reduction in the dos above ∆E * , for θ * < ∼ θ < ∼ θ * * (Fig. 1b, e) , suggesting the absence of an intermediate gapless QSL phase for this orientation of the external field. Finally, the lifting of the [001] field degeneracy at θ * ≡ θ ≈ 0.45 occurs for a field along [110], but there is a return of a larger dos in this case (Fig. 1c,  f) , suggesting the return of an intermediate gapless QSL phase.
Our assessment of the locations of phase transitions is clearly corroborated by anomalies present in the TEE at θ * , θ * * , and θ * for these orientations of the field (Fig. 1g,  h, i) (Fig.  2a) shows the following evolution with field strength: For θ < θ * , the various modes appear sharp and follow independent trajectories.
At θ * , discontinuities in the trajectories of various modes are observed. Within θ * < θ < θ * * , there is a drastic decrease in the intensity of modes across the entire bandwidth (see Fig. 2d ). Above θ * * , a featureless continuum of comparably intense modes having no sharp or well-defined peaks is observed at higher frequencies while, at lower energies, well defined modes of considerable intensity emerge. The trajectories of these latter modes tend towards higher ω with increasing θ, persisting up to θ = π/2 where they converge and become the most dominant mode at ω/J ≈ 2. The nature of the excitation corresponding to this latter mode consists of a single spin flip about the completely polarized state alonĝ z.
Dependence on field orientation: Rotating the field toward [001] preferentially couples the field to bonds perpendicular to theẑ direction. The plethora of modes that exist for values of λ closer to unity is greatly reduced for lower λ until at λ = 0 we are left with a state having a lower dos (Fig. 2b) , but higher in overall intensity for intermediate values of θ (see Fig. 2d ).
There is a discontinuity in the trajectories of modes at θ * (red line in Fig. 2b) . The absence of a second discontinuity at higher θ (previously at θ * * ) is consistent with the observed lifting of the degeneracy of the [111] higher field level crossing when the field is oriented along [001] (see Fig. 1b, e) .
We notice that the zero mode along ω = 0 becomes dominant as we adjust λ from unity to zero for θ > ∼ 0.69. At higher frequency, and for θ > ∼ 1.2, constituent modes converge into a single mode of lesser intensity which persists up to θ ≈ π/2. Interestingly, while this latter mode is located near ω/J ≈ 4 at θ = π/2, the excitations here consist of a pair of spin flips in the direction opposite to that of a completely polarized state alongẑ.
For a field pointing along [110] , within the plane of the honeycomb lattice, the local dynamical response as a function of θ (Fig. 2c) appears similar to the [111] case (Fig. 2a) , with a few important differences. First, there is no zero mode present in the case of a field pointing perpendicular to the direction of the spin component of the spin operators used in calculating the dynamical correlations. Second, there is an absence of discontinuities in the trajectories modes across all θ and ω, consistent with the lack of level crossings observed in the spectrum for this orientation of the field (Fig. 1c, f) . Lastly, there is a greater decrease in the intensity of modes over all frequencies for intermediate values of the external field strength (Fig. 2d) . Real time dynamics: For h [111], and at higher θ, the reduced number of modes in the frequency response suggests that features in the dynamical spin-spin correlations may not be washed out. The waveform shown in Fig. 3d clearly depicts a sharp, distinct, beat feature, or wavepacket, due to interference between a small number of sharp, comparably intense, and energetic, modes. This feature is also present for h [001], at intermediate values of θ (Fig. 3g, h) , and for h [110] at higher θ. We believe this beat feature, which may be measurable using pump-probe THz spectroscopy on candidate materials, is a telltale signature of the onsetting of a QSL phase from a polarized phase.
Conclusions: Recent theoretical advances concerning the nature of the Kitaev honeycomb model's QSL ground state have motivated experimental researchers to probe for these states' novel effects in real materials. In particular, the temperature dependence of thermodynamic quantities and of the thermal Hall conductivity of candidate materials, as well as the dynamical response, have been suggested as a means of probing for signatures of the exotic fractionalized excitations of this particular model. In our work, we have expanded the exploration from spectroscopy to probing the nature of fractionalized excitations directly in the real-time dynamics. We propose future experiments using pump-probe THz spectroscopy on candidate materials such as α-RuCl 3 . In these experiments, the pump excites photocarriers in the system, and the THz probe pulse measures the photoconductivity as a function of time [36] . After passing through the sample the terahertz waveform of the electric field is measured in the time domain. Based on our estimates using an exchange coupling of about 5 meV, for either the AF or FM case, we expect signatures of fractionalization to appear at time scales lying within the range 10 −13 s < t < 10 −12 s, or for frequencies in the 1-10 THz regime.
We bring to light new facts pertaining to the field strength and field orientation dependence of the various phases exhibited by the FM and AF Kitaev honeycomb models under an externally applied magnetic field. At this stage, the nature of the intermediate gapless QSL phase for AF Kitaev interactions, requires further investigation.
